Abstract-The expected increase in the penetration of renewables in the approaching decade urges the electricity market to introduce new products -in particular, flexible ramping products -to accommodate the renewables' variability and intermittency. CAISO and MISO are leading the design of the new products. However, it is not clear how such products may affect the electricity market. In this paper, we are specifically interested in assessing how the new products distort the optimal energy dispatch by comparing with the case without such products. The distortion may impose additional cost, which we term as the "distortion cost". Using a functional approach, we establish the relationship between the distortion cost and the key parameters of the new products, i.e., the up and down flexible ramping requirements. Such relationship yields a novel routine to efficiently construct the functions, which makes it possible to efficiently perform the minimal distortion cost energy dispatch while guaranteeing a given supply reliability level. Both theoretical analysis and simulation results suggest that smartly selecting the parameters may substantially reduce the distortion cost. We believe our approach can assist the ISOs with utilizing the ramping capacities in the system at the minimal distortion cost.
I. INTRODUCTION
As the level of penetration of renewable generation (in particular wind and solar power) grows, the stochastic nature of the power outputs from these resources is increasingly stressing the power system. Hence, the NERC task force on the potential reliability impacts of emerging flexible resources [1] suggests designing new products for the future electricity market. These products should ensure sufficient ramping capacity to cope with large short-term variations and prediction errors [2] . Activity is starting to pick up: the California Independent System Operator (CAISO) [3] and the Midwest Independent System Operator (MISO) [4] are pioneering the design and have introduced flexible ramping products in their markets.
Conceptually, flexible ramping products aim at reserving ramping flexibility in the current time slot for future use. While frequency regulation already reserves certain flexibility to tackle unpredicted fluctuations in net load [5] , the new products are expected to provide more flexibility than frequency regulation and on a much slower time scale (e.g., 5 minutes in CAISO). Spinning and non-spinning reserves are other existing products to provide flexibility but are held to manage system contingencies. Furthermore, they can only contribute to up-ramping flexibility while flexible ramping products are intended to tackle deviations in both directions.
Albeit promising and important, the influence of such products on the overall electricity market outcomes is not clear. In C. Wu, G. Hug and S. Kar are with the Department of Electrical and Computer Engineering, Carnegie Mellon University, Pittsburgh, PA 15213, USA, e-mails: {chenyewu@andrew, ghug@ece, soummyak@andrew}.cmu.edu. this paper, we are specifically interested in assessing how the new products distort the optimal energy dispatch by comparing the market outcomes with the case without such products. In the remainder of the paper, we refer to this difference in the dispatch cost as the "distortion cost". Then, what are the factors that determine the distortion cost?
Intuitively, it depends on how much ramping flexibility is needed. This value, on the other hand, is dependent on the desired level of reliability at which the load in the next time step should be supplied. As different combinations of the up and down flexible ramping capacities may meet the same predefined level of supply reliability, it is possible to optimize the combination by minimizing the distortion cost. To this end, by employing the theory of linear parametric programming [6] , we first propose a functional approach to understanding the dependency of the distortion cost on the level of up-and downramping requirements, then introduce the minimal distortion cost energy dispatch while guaranteeing a pre-defined level of supply reliability.
It is worth noting that the application of the proposed functional approach is not limited to the cost assessment. Examples of such application include: the parametric optimal power flow (OPF) to offer an excellent visualization of the complex nature of OPF [7] , and recently the unifying functional approach to assessing the market power [8] .
II. RELATED WORK AND CONTRIBUTIONS

A. Related Work
The research on flexible ramping products started only recently. Wang et al. performed extensive comparisons between the market outcomes of the ISO's deterministic market model and the optimal stochastic model for flexible ramping products in [9] . Taylor et al. designed an optimal dynamic pricing scheme for the ancillary service markets including the flexible ramping products in [10] . Our paper further this track by understanding the relationship between the flexible ramping capacity requirements and the electricity market outcomes.
Our work also fits into a growing literature on the analysis of the cost brought by the variability of renewables. For example, Katzenstein et al. introduced a novel metric for evaluating the cost of wind power variability in [11] . Lueken et al. presented the costs induced by the solar and wind power in [12] . In contrast to [11] , [12] , we introduce a functional approach to assessing the cost brought by the variability of renewables, and we focus on the distortion cost.
In our earlier work [13] , we made the first step towards understanding flexible ramping products' influence on the electricity market outcomes. In this paper, we further the research by introducing a novel routine to efficiently construct the parametric functions, proposing the concept of distortion cost minimization, and using an AC OPF model to verify that the employment of a DC linearized model is a good approximation in practice for the considered problem.
B. Our Contributions
Towards understanding the relationship between the distortion cost and the key parameters of flexible ramping products, and based on this dependency, how to achieve the minimal distortion cost, the major contributions of this paper are summarized as follows:
• Functional Analysis: We employ a functional approach to studying the relationship between the distortion cost and the up-and down-ramping requirements. Such an approach displays promising properties (such as monotonicity, convexity/concavity, and piecewise linearity) of the functions.
• Triple Optimality Guarantee: Inspired by the functional analysis, we consider the cost minimization problem from two additional viewpoints: given a certain financial budget and the required up (down) flexible ramping capacity, what is the maximal down (up) flexible ramping capacity that the system can provide? We prove that certain inverse function relationships exist among the three proposed functions, and each of them enjoys triple optimality.
• Computationally Efficient Cost Minimization: We propose an efficient routine to construct the distortion cost function (formally defined in Section IV-B). Based on this routine, we efficiently carry out the brute-force search for the up-and down-ramping requirements which minimize distortion cost while ensuring the pre-defined supply reliability constraint. The rest of this paper is organized as follows: we revisit the mathematical formulation for incorporating these products into the real time energy dispatch market in Section III. Then, taking the functional approach for different aspects, we propose three parametric optimization functions in Section IV. Subsequently, in Section V, we investigate various analytical properties of these functions to draw a clear relationship between the distortion cost and the ramping requirement parameters. Based on these relationships, we further introduce the concept of minimal distortion cost energy dispatch in Section VI. Section VII presents several illustrative examples and case studies. Finally, our concluding remarks and directions for future work are discussed in Section VIII.
III. PROBLEM FORMULATION CAISO proposes implementing flexible ramping products in the 5-minute real time market. Hence, in this paper, we first cast the problem as a model predictive control (MPC) problem with a horizon of T time steps, each being of 5 minute length. The objective is to minimize generation cost to supply the expected load subject to the DC load flow constraints, the limitations on generation outputs, and the requirements to ensure a given level of generation ramping capacity. This results in the following optimization problem:
The decision variables in optimization problem (1)- (10) The proposed MPC approach seeks to perform the energy dispatch for time steps t = 0, ..., T − 1 under the condition that ramping capacity needs to be reserved for steps t = 1, ..., T − 1. An illustration of the control variables is given in Fig. 1 . Ramping capacity for t = 0 has been reserved in the previous time step, hence, there are no variables r n,0 to be determined. Constraint (2) corresponds to the line capacity constraints. Constraints (3)-(5) represent the total power balance and up and down flexible ramping requirements, respectively. Constraints (6)- (7) ensure that the generation capacity constraints are met and constraints (8)- (9) enforce the ramping limits. The last constraint ensures that all the decision variables are non-negative. Note that even though we simplify the model in (2) and do not capture the influence of flexible ramping products on line flows, they do influence the feasible region of parameters F (6)- (9). To simplify the subsequent analysis, and to highlight the relationships between the parameters of interest, we concentrate on the analysis for T = 2. Hence, the only ramping
Note that the real time energy dispatch is performed every 15 minutes in practice, which renders considering T > 3 uninteresting. To this end, T = 2 is already a good practical choice.
IV. FUNCTIONAL ANALYSIS
We employ a functional approach to investigating how F u and F d influence the distortion cost. The key idea is to replace the single-value optimization problem (1)- (10) with a parameterized function with two parameters. Subsequently, we parameterize another two optimization problems which are closely related to (1)- (10) and maximize the up and down flexible ramping capacities, respectively, given a certain budget. By fixing certain parameters, we establish the underlying inverse function relationships among the three functions, which imply that each of them enjoys triple optimality -any point on each function in the region of interest is the solution to three optimization problems.
A. Minimal Cost (MinC) Function
A natural extension of the optimization problem (1)- (10) is to ask for any given F u and F d , what is the minimal generation cost that the ISO could achieve? This leads to the minimal cost (MinC) function, defined as follows:
where f u and f d are the function's arguments, representing the up and down flexible ramping requirements, respectively. It is immediately clear that MinC(F u , F d ) corresponds to (1)- (10) . The trivial upper bounds for f u and f d are both n∈N ∆g n . However, the line capacity constraints and the generation capacity constraints can both shrink the feasible regions of f u and f d . The lower bounds for f u and f d are set to zero, corresponding to the case without any flexible ramping requirement.
B. Distortion Cost (DS) Function
We define the distortion cost function DS(f u , f d ) as the difference in generation cost between the optimal energy dispatch with flexible ramping requirements (f u , f d ) and the optimal dispatch without flexible ramping requirements, i.e.,
Since the quantity MinC(0,0) will play an important role throughout the paper, for notational simplicity, we denote
It is worth noting that just as in the case for frequency regulation, the reservation of flexibility not only induces the distortion cost, but also may lead to certain participating entities' opportunity loss in the energy market. Such opportunity loss is currently compensated by the capacity payment [14] , which can be calculated as the difference in the locational marginal price between the case with flexible ramping products and the case without them. Hence, a natural question is to examine the relationship between the capacity payment and the distortion cost. If there are no line capacity constraints or they are non-binding, by contradiction, we can show that the lower the distortion cost is, the lower is the total capacity payment. Although this relationship may not be valid when line capacity constraints become active, the argument possibly still holds over the range of interest. A detailed discussion, however, falls out of the scope of this paper.
C. Maximal Up Flexible Ramping (MaxUR) Function
Next, we consider a related optimization problem that the ISO may face. Given a certain financial budget θ for flexible ramping products, and the down flexible ramping requirement f d , what is the maximal up flexible ramping that the system can contribute? Mathematically, we refer to it as the maximal up flexible ramping (MaxUR) function:
Constraints (2)- (3), (6)- (10), (14) where θ b is defined in (13) .
D. Maximal Down Flexible Ramping (MaxDR) Function
Similarly, we can define the maximal down flexible ramping (MaxDR) function by asking, given a certain financial budget θ for flexible ramping products, and the up flexible ramping requirement f u , what is the maximal down flexible ramping that the system can contribute? Mathematically, we have
Constraints (2)- (3), (6)- (10), (15) where θ b is defined in (13) .
E. Feasible Regions
We can now analyze the feasible regions for f u , f d , and θ:
The infinity argument (i.e., ∞) in (16) and (22) implies that the corresponding constraint has been relaxed. Thus, we can conclude that the feasible regions of f u and f d are coupled. Note that there might be multiple pairs (
We regard all such pairs as the noninteresting region, and denote the boundary of this region by
, where
, flexible ramping products will not impose any additional cost. Hence, for the subsequent analysis, we only concentrate on cases (f u , f d , θ) for which
V. ANALYTICAL UNDERSTANDING
A. Analytical Relationships among the Functions
The feasible regions (16)- (20) shed light on some basic properties of the three functions on the boundaries. In this section, we provide two theorems that further ascertain the underlying relations between the three functions. First, based on the results in linear parametric programming [6] , we can formulate the following theorem:
The MaxDR function is continuous, piecewise linear, and concave in both θ and f u ; it is non-decreasing in θ while non-increasing in f u .
Over the region of interest (defined by (21)- (23)), the three functions become strictly monotone functions. Hence, given any of the two arguments, their inverse functions exist over the region of interest. We can further show the key results: 
The proofs for these two theorems are presented in Appendix A and B, respectively. Based on Theorem 2, we can concentrate our analysis on only one of the three functions, and it enjoys "triple optimality". For instance, for any point (f 
B. Efficient Construction
We now discuss the computational efforts required to construct the three functions. The evaluation of each function essentially corresponds to solving an OPF problem for any combination of values for the parameters of the function. Hence, even with the DC approximation, it is still computationally expensive for large power networks to determine the function over the full range of feasible parameter values [15] . Hence, in practice, it may be difficult to directly compute the functions, even just for evaluation purposes.
Fortunately, the properties of the three functions can help to substantially reduce the computational efforts. Let us take the DS function as an example: the function is piecewise linear and non-decreasing in both arguments. Thus, using Lagrangian duality [16] , we can characterize the slopes of the piecewise linear segments and use these slopes to provide an efficient way to compute the function. If there is a single argument, [17] gives an algorithm to construct the function with m linear segments in O(m) steps. For the two argument functions discussed in this paper, the following routine gives an efficient way to obtain the contour of the DS function with k lines:
• Calculateθ by solving the following problem:
• To obtain the contour of the DS function, divide the interval [0,θ] into k −1 equally incremental sub-intervals to draw the contour with k lines. Denote the k end points by θ 1 , · · · , θ k .
• The contour line with the same cost θ i is simply a MaxUR (or equivalently, MaxDR) function with fixed cost θ i . We present the following recursive algorithm for computing MaxUR( 
to obtain (f 
If MaxUR(θ i , f 
C. Example: 3-bus System
We illustrate this routine using a 3-bus system. As shown in Fig. 2(a) , there are two generators G 1 and G 3 at bus 1; the third generator G 2 is at bus 2; and bus 3 is a load bus. Table I gives the necessary data for the three generators 1 . We do not consider the line capacity constraints in this example. Assume the generators are to be dispatched for a forecasted net load of 110 MW at t = 0, and 120 MW at t = 1. Then, without any flexible ramping requirement, the optimal energy dispatch profile at t = 0 is (100, 0, 10) MW, while it is (100, 0, 20) MW at t = 1. Note that, such energy dispatch comes with free ramping capacity. To reserve ramping capacities for time t = 1, the free up-ramping capacity is 30 MW from G 2 , which corresponds to the horizontal segment in the lower envelope of Fig. 2(b) . We want to highlight that such horizontal region is precisely the non-interesting region discussed in Section IV. After this free and non-interesting region, the two parameters start distorting the generation output profile compared with the optimum given by DS (0, 0) . Similarly, we can analyze the free down-ramping capacity for t = 1: 20 MW from G 1 plus 20 MW from G 3 , which corresponds to the horizontal segment in the lower envelope of Fig. 2(c) . Fig. 2(b) and (c), together with the contour of the DS function shown in Fig. 2(d) , illustrate all the properties (piece-wise linearity, monotonicity, and convexity) stated in Theorem 1. 1 We assume g n 's are all zero for all the simulations in this paper. 20 20 Following the routine in Section V-B, to efficiently construct the DS function, we first identifyθ, which according to Fig.  2(d) is given by DS(50,70) . We divide [0,θ] into 29 slots to obtain the contour of the DS function with 30 lines. In this example, from the constructed function shown in Fig. 2(d) , each contour line consists of at most three segments. Hence, the routine requires solving at most 5 optimization problems to construct each contour line.
VI. MINIMAL DISTORTION COST ENERGY DISPATCH
Bearing the relationship between the distortion cost and the ramping capacity requirements in mind, we now seek to understand the other dependency -how the ramping capacity requirements depend on the supply reliability constraint. Towards exploiting this dependency, in this section, we first discuss the renewable energy prediction error model. Then, we formally introduce the notion of confidence level to formulate the supply reliability constraint, and finally explain how to perform the minimal distortion cost energy dispatch to achieve the desired confidence level.
A. Renewable Energy Prediction Error Model
We use the Bonneville Power Administration (BPA) predicted and actual wind power data [18] to obtain the prediction error model. For a historic dataset for a wind plant with the maximal capacity of 4,500 MW in BPA, we first note that when the power output is less than 10% of the maximal capacity, the relative prediction error can be extremely large (or even arbitrarily large when the actual power output is zero) while the amount of the prediction error is relatively small, which implies the flexible ramping requirements in this case are not critical. Therefore, we trim these data from the dataset. Then, we divide the trimmed historical data into three groups: 10%-30% of the maximal capacity, 30%-70% of the maximal capacity, and above 70% of the maximal capacity. The (relative) prediction error distributions for these three groups are illustrated in Fig. 3 . Since prediction errors need to be compensated by ramping generation, the level of prediction errors determines how much ramping capacity is required.
Consequently, we can compare the three cases in Fig. 3 . When the wind power output is between 10%-30% of the capacity, the mean prediction error is 7.8 MW with a standard deviation of 223 MW. The relative prediction error is also quite significant in this case, with a mean value of 0.015 and a standard deviation of 0.27. With the increase of the wind power output (between 30%-70% of the capacity, which is the most common range of power output of a wind plant), the relative prediction error drops significantly (with a standard deviation of only 0.14), but the mean value of prediction error shifts to -70.7 MW and its standard deviation is 300 MW. On windy days, with wind power output of more than 70% of the capacity, since we know the maximal capacity of the wind plant, the prediction seems to perform reasonably well, with a mean value of -77.7 MW and a standard deviation of only 175 MW. Also, thanks to this upper bound, the standard deviation of the relative prediction error is now only 0.05.
B. Minimal Distortion Cost Energy Dispatch
Assuming prediction error distributions as shown in Fig. 3 , we seek to achieve the minimal distortion cost that provides a certain guaranteed level of supply reliability. In this paper, we define the level of supply reliability as a pre-defined probability at which the the total demand in the approaching time slot (i.e., t = 1) is fulfilled. Hence, we employ the following notion of confidence level for such quantification:
) is said to achieve confidence level of p% with respect to a predictionŵ, if
where w is the actual total wind power output.
According to this definition, if the ISO wants to fulfill the demand in the approaching time slot with probability of p%, we say the supply reliability constraint is to maintain a confidence level of p%. Therefore, if a confidence level of p% is desired, the ISO needs to solve the following optimization problem to minimize the distortion cost: Since we use the actual prediction error distributions, there are no symmetric nor other nice analytical properties. Therefore, we propose a brute-force search method to obtain the minimal distortion cost. Fortunately, as the construction of the DS function in the region of interest is efficient, the brute-force search can also be carried out very efficiently. This is because for any given parameters (f u , f d ), instead of solving an OPF problem, DS(f u , f d ) can be efficiently obtained from the contour using the piecewise linearity. It is worth noting that, the error distributions might be approximated by Gaussian or other well-studied distributions, which can lead to an analytical method to obtain the minimal distortion cost.
VII. CASE STUDY
In this section, we first consider the IEEE 6-bus system to highlight the properties of our functional approach. Then, we turn to more realistic scenarios by evaluating the influence of flexible ramping products on the IEEE 39-bus system. Both simulation results reveal interesting information on the relationship between distortion cost and the key parameters of flexible ramping products. We hope such information can help ISOs to better evaluate the new products and develop methods to achieve the most cost effective market for the new products.
A. IEEE 6-bus System
We analyze the IEEE 6-bus system shown in Fig. 4 . Table II provides the necessary information for the generators at buses 4, 5, and 6. The initial generation outputs are 0, 130, and 30 MW, respectively. The loads are located at buses 1, 2, and 3. At time t = 0, the forecasted net loads are 59.5 MW each, while at time t = 1, the forecasted net loads are 63 MW each. Fig. 5 shows the contour of the DS function for this case.
Suppose now we want to achieve a 30% renewable energy penetration level, as planned by the CAISO for the year of 2020 [19] . And in this test system, the conventional generators contribute around 200 MW, which implies that the wind plant needs to supply 100 MW on average. Based on the current wind power technology [20] , the typical wind plant supplies only 20%-40% of its maximal capacity on average. Therefore, we assume there is a wind plant with a maximal capacity of 500 MW in the system. Fig. 6 shows the possible distortion costs induced by flexible ramping products for the three cases discussed in Section VI-A. We compare our minimal distortion cost energy dispatch approach with a greedy one. The greedy approach selects the parameters (
This greedy approach utilizes the near symmetric properties of the prediction error model and the DS functions. If both of them are symmetric, then this greedy approach achieves the same performance as our approach. But it is not always the case (e.g., see the mean values of the prediction error models in Section VI-A). As shown in Fig. 6 , in all the three cases, both our approach and the greedy approach can significantly reduce the distortion cost, compared with the maximal distortion cost. Yet, our approach outperforms the greedy approach, particularly for the cases with higher wind power output levels ( Fig. 6 (b) and (c)). Numerically, the maximal savings brought by our approach in all the three cases are more than 40% 2 . Note that, such saving does not come with expensive computational efforts due to the piecewise linearity of the DS function as we discussed in Section VI-B. 2 Compared with the greedy approach, our approach reduces the distortion cost by 42% with a confidence level of 92% in case (a), by 73% with a confidence level of 90% in case (b), and by 46% with a confidence level of 92% in case (c). 
B. IEEE 39-bus System
We perform the same analysis for the IEEE 39-bus system [21] shown in Fig. 7(a) . The parameters of the system are given in Table III . The forecasted net loads remain the same for the two time slots, both as suggested by the original system data in [21] . We in particular verify that the DC-based DS function, shown in Fig. 7(b) , is a good approximation of the AC-based DS function 3 (verified by MatPower [22] ), shown in Fig. 7(c) . This can also be demonstrated by the following metric:
where DS AC denotes the AC-based DS function, and DS DC denotes its DC-based counterpart. For the 39-bus system, this ratio γ is 0.003.
VIII. CONCLUSIONS AND FUTURE WORK
This paper proposes a functional analysis of the relations between the distortion cost and the key parameters of the flexible ramping products. We present a novel routine to efficiently construct the introduced functions. Such a routine further yields the efficient minimal distortion cost energy dispatch. Theoretical analysis exhibits valuable information about such relations whereas simulation results further illustrate how such an approach can be used in practice.
This paper can be extended in various directions. For instance, we have not fully investigated the relationship between the distortion cost and the total capacity payment. Also, it is important to analyze the firm behaviors in the electricity markets with the new products: is it easy to gain market power in such a model? In addition, the generalization of our approach to cases when T = 3 is also very interesting, and yet more challenging. Odds are that such generalization may exploit more information on how the dynamics of the renewables affect the electricity market.
